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CONCENTRATION OF CYLINDRICAL WIGNER MEASURES
MARCO FALCONI
Abstract. In this note we aim to characterize the cylindrical Wigner mea-
sures associated to regular quantum states in the Weyl C*-algebra of canoni-
cal commutation relations. In particular, we provide conditions at the quan-
tum level sufficient to prove the concentration of all the corresponding cylin-
drical Wigner measures as Radon measures on suitable topological vector
spaces. The analysis is motivated by variational and dynamical problems in
the semiclassical study of bosonic quantum field theories.
1. Introduction
In this brief note, we discuss the concentration of cylindrical Wigner measures.
Cylindrical Wigner measures on a topological vector space V have been introduced
in [12] as the classical limit points, in a suitable topology, of regular quantum states
in the Weyl C*-algebra of canonical commutation relations Wh(V
′, σ) – where
V ′ is the continuous dual of some topological vector space V . The dual V ′ is
endowed with a symplectic form, and it is interpreted as the classical phase space.
Any cylindrical measure on a (infinite dimensional) topological vector space V is a
Borel Radon measure on a “bigger” space V (see Section 3, or [21], for additional
details). However, the space V is usually too large, in the sense that it is not
manageable to study dynamical or variational problems in the semiclassical or
mean field analysis of bosonic many-particle systems and fields. In applications
[see e.g. 1, 2, 4–7, 11, 18–20, and references thereof contained] the attention is
often restricted, due to the physical properties of the system, to quantum states
whose corresponding Wigner measures are concentrated as Radon measures on
some manageable (e.g. separable Hilbert) topological vector space. It is therefore
natural to ask for conditions on regular quantum states that are sufficient to yield
concentration, on some given space, of all the corresponding Wigner measures.
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In Section 3.1, we provide sufficient conditions to prove concentration in sepa-
rable complex Hilbert spaces (with inner product compatible with the symplectic
form σ); in Section 3.2 we provide sufficient conditions to prove concentration
on continuous duals of nuclear spaces (with any locally convex topology between
the ultraweak and the Mackey topology); in Section 3.3 we provide sufficient con-
ditions to prove concentration in duals of Banach spaces, endowed with the ul-
traweak topology. For the Weyl C*-algebra Wh(FH , Im〈·, ·〉H ) – built on the
classical separable Hilbert phase space FH associated to a complex Hilbert space
H – sufficient conditions on Fock-normal quantum states to prove concentration
on H (and on suitable Hilbert spaces included in H ) have been given in [3, 5].
Theorem 3.3 can be seen as a generalization of the aforementioned results, to more
general regular quantum states on arbitraryWeyl C*-algebras. Such generalization
is motivated by concrete problems in the variational and dynamical semiclassical
analysis of bosonic quantum field theories, as explained in Sections 1.1 and 3.4.
Our analysis is based on the “cylindrical” (finite-dimensional) pseudodifferential
calculus for bosonic quantum field theories, that is outlined in Section 2.
Remark. Theorems 3.3, 3.4, and 3.8 can be easily adapted to regular quantum
states in the tensor product of the C*-algebra of canonical commutation relations
Wh(V
′, σ) with another C*-algebra A describing additional degrees of freedom of
the physical system [see 12]. The only difference is that the Wigner measures are,
in this case, vector-valued and take values in the space A′+ of (positive) states
acting on A.
1.1. Motivation. This technical note is motivated by some problems we encoun-
tered in the study of the semiclassical properties of bosonic quantum systems
[1, 11]. Let us discuss briefly a concrete case. Let d ≥ 2, and consider a self-
adjoint and bounded from below operator Hh on the symmetric Fock space
Γs
(
L2(Rd)
)
=
⊕
n∈N
L2n = C
⊕
n∈N∗
L2 ⊗s · · · ⊗s L2︸ ︷︷ ︸
n
.
Hh is the quantization of some classical symbol E , and it is defined on the domain
D
(
dΓh(|k|)
)
, where
L2n ∋
(
dΓh(|k|)ψh
)
n
(k1, . . . , kn) = h
n∑
j=1
|kj |ψh,n(k1, . . . , kn) .
Throughout the paper, h ∈ (0, 1) denotes the semiclassical parameter. The second
quantized operator dΓh(|k|) is the free energy of massless bosonic scalar fields, e.g.
radiation. Suppose now that we want to investigate the convergence, as h→ 0, of
the ground state energy σ(Hh). Let j ∈ N, and ψ(j)h ∈ D
(
dΓh(|k|)
)
be a vector
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in a normalized minimizing sequence of Hh. Since (ψ
(j)
h )h∈(0,1) is norm-bounded
uniformly with respect to h, its cluster points are cylindrical Wigner measures [see
12]. If all the cluster points concentrate as measures in the classical energy space
F H˙1/2(Rd) = L2(Rd, |k|dk), we can use the information to prove the convergence
lim
h→0
σ(Hh) = inf
α∈FH˙1/2
E (α) ;
see [1] for a more detailed explanation of the strategy. It is well-known [3] that
〈
ϕh, Nhϕh
〉
Γs
=
〈
ϕh, dΓh(1)ϕh
〉
Γs
≤ K(1)
is sufficient to prove concentration of the cluster points of (ψh)h∈(0,1) in L
2(Rd).
However, for (ψ
(j)
h )h∈(0,1) we have the sole information
(2)
〈
ψ
(j)
h , dΓh(|k|)ψ(j)h
〉
Γs
≤ K .
In addition, since the symmetric difference L2 ⊖ F H˙1/2 is not empty, there are
families of quantum states (ϕh)h∈(0,1) that converge to Wigner measures that are
Radon on F H˙1/2 and concentrated outside of L2. Therefore it is not possible
to restrict the analysis to vectors that satisfy both (1) and (2); and in fact the
miminimizing sequence might not satisfy (1). As we will prove in Theorem 3.3,
bound (2) is sufficient to have concentration of all the corresponding cylindrical
Wigner measures in F H˙1/2. Let us formulate here the result explicitly, and give
an outline of the proof. This would serve to explain the key idea behind the proof
of the more general Theorem 3.3.
Proposition. Let (ϕh)h∈(0,1) ⊂ Γs
(
L2(Rd)
)
. Suppose there exists K > 0 such
that 〈
ϕh, dΓh(|k|)ϕh
〉
Γs
≤ K .
Then any Wigner measure that is a cluster point of (ϕh)h∈(0,1) is a Borel Radon
measure on F H˙1/2(Rd).
Sketch of the proof. Let G ⊂ L2 be a finite dimensional subspace with orthonor-
mal basis {gj}j∈{0,...,n}; there is a canonical identification of the Fock-space cre-
ation and annihilation operators {a#h (gj)}j∈{0,...,n} with the standard creation and
annihilation operators associated to the Heisenberg group [see e.g. 3]
H(FG, Im〈·, ·〉2) = H
(
spanR(g1, ig1, . . . , gn, ign), Im〈·, ·〉2
)
.
Since we want to prove concentration of measures on a different space, namely
F H˙1/2, we need to make an alternative identification. This is the key step in the
proof, hence let us explain in detail how to make the identification.
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Let (ej)j∈N ⊂ S (Rd) be an orthonormal basis of the Hilbert space F H˙1/2(Rd).
Then
ER = spanC{e0, e1, . . . , eR} , R ∈ N
is an increasing sequence of finite dimensional complex Hilbert spaces ordered by
inclusion, such that
⋃
R∈N ER = F H˙
1/2. Equivalently, each ER can be seen as
a real symplectic space FER of dimension 2R with symplectic form σE( · , · ) =
Im 〈 · , · 〉
FH˙1/2 . Now let (εj)j∈N ⊂ S (Rd) be defined by εj(k) = |k|1/2ej(k), and
ER = spanC{ε0, ε1, . . . , εR} , σE ( · , · ) = Im〈 · , · 〉2 .
Clearly, (FER, σE) and (FER, σE) are the same symplectic spaces under the identi-
fication ej 7→ εj (or equivalently ER and ER are the same complex Hilbert spaces).
Consider now the finite-dimensional Heisenberg groupH(FER, σE); since ER ⊂
L2, the Heisenberg group has a unitary representation in Γs(L
2), given by
eitWh(| · |1/2e(·)) , (e, t) ∈ ER ×R ;
where the Weyl operators are customarily defined by means of the usual creation
and annihilation operators
Wh(f) = e
i(a∗h(f)+ah(f)) , ∀f, g ∈ L2 [ah(f), a∗h(g)] = h〈f, g〉2 .
On the other hand, dΓh(|k|) is the Wick quantization of ‖z‖2
FH˙1/2
. It follows that
dΓh(|k|) =
∑
j∈N
a∗h(εj)ah(εj) = Nh ,
where the modified creation and annihilation operators a#h (·) are defined by
(
ah(f)ψh
)
n
(k1, . . . , kn) =
√
h(n+ 1)
∫
Rd
|k|1/2f(k)ψh,n+1(k, k1, . . . , kn)dk ;
(
a∗h(f)ψh
)
n
(k1, . . . , kn) =
√
h/n
n∑
i=1
|ki|1/2f(ki)ψh,n−1(k1, . . . , kj , . . . , kn) ;
where k means that the variable is missing. The restriction of ‖z‖2
FH˙1/2
to ER
takes the form
R∑
j=0
∣∣∣∣
∫
Rd
|k|1/2z¯(k)εj(k)dk
∣∣∣∣
2
,
and therefore its Wick quantization is
dΓh(|k|)R =
R∑
j=0
a∗h(εj)ah(εj) = Nh,R .
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In addition, by means of the modified creation and annihilation operators it is
possible to write the Weyl operators Wh(| · |1/2e(·)), e ∈ ER, as
Wh(| · |1/2e(·)) = ei(a
∗
h(e)+ah(e)) .
Therefore {a#h (ej)}j∈{0,...,R} are identified with the usual creation and annihilation
operators on the finite-dimensional Fock representation Γs(C
R+1), and CR+1 ∼= ER
as complex Hilbert spaces.
Let us remark again that the identifications above are the key ingredient that
allows us to use the standard tools of pseudodifferential calculus associated to
the Heisenberg group H(FER, σE). The result is then proved combining such
finite-dimensional pseudodifferential techniques with a Prokhorov-type tightness
argument on the projective family of cylindrical measures, exploiting the fact that⋃
R∈NER = F H˙
1/2. The details can be found in the proof of Theorem 3.3. ⊣
Other applications of Theorem 3.3 that are important for the semiclassical
analysis of physical problems in bosonic quantum field theory will be given in
Section 3.4.
2. Cylindrical semiclassical analysis
Let V be a real locally convex space. A cylindrical measure on V is a projective
family M = (µΦ)Φ∈F (V ) of finite Borel Radon measures on V/Φ, where F (V ) is
the set of closed subspaces of V with finite codimension. To every Φ ∈ F (V ),
there corresponds the finite dimensional polar (orthogonal) Φ◦ ⊂ V ′, where V ′ is
the continuous dual of V .
Definition 2.1 (Cylindrical symbol). A function f : V → C is a cylindrical
symbol with base Φ ∈ F (V ) iff there exists a function fΦ : V/Φ→ C such that
∀v ∈ V , f(v) = fΦ([v]Φ) .
Let f be a cylindrical symbol, fΦ the corresponding finite dimensional function.
If fΦ is measurable, it is possible to define its cylindrical integral with respect to
any cylindrical measure µ:
(3)
∫ (cyl)
V
f(v)dM(v) =
∫
V/Φ
fΦ(w)dµΦ(w) .
If we denote by pΦ : V → V/Φ the canonical projection onto the equivalence
classes, tpΦ : (V/Φ)
′ → Φ◦ is an isomorphism. It follows that for any fΦ ∈
L1(V/Φ),
(4)
∫ (cyl)
V
f(v)dM(v) =
∫
V/Φ
fΦ(w)dµΦ(w) =
∫
Φ◦
fˆΦ(ξ)Mˆ (2πξ)dLΦ◦(ξ) .
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Here Mˆ is the Fourier transform1 of M , and LΦ◦ the Lebesgue measure on Φ
◦.
Now let us suppose that the continuous dual V ′ is endowed with a symplectic
form σ : V ′ × V ′ → R, i.e. an antisymmetric, non degenerate, and bilinear
form. Then it is possible to construct in a unique fashion the Weyl C*-algebra
of canonical commutation relations W(V ′, σ). Let us remark that we consider
the Weyl C*-algebra to depend on a semiclassical parameter h, appearing in the
so-called Weyl’s relations among the generators {W (ξ) , ξ ∈ V ′} of the algebra:
(5) ∀ξ, ζ ∈ V ′ , W (ξ)W (ζ) = e−ihσ(ξ,ζ)W (ξ + ζ) .
From time to time, to avoid confusion, the dependence on h of Wh(V
′, σ) will be
made explicit.
The regular states on Wh(V
′, σ) play an important role to study its semiclas-
sical behavior h→ 0; their definition is recalled below.
Definition 2.2 (Regular states). A positive element ω ∈ W(V ′, σ)′ of the con-
tinuous dual of the Weyl C*-algebra is a regular state iff the R-action
t 7→ ω(W (tξ))
is continuous for any ξ ∈ V ′. A regular state is normalized iff ω(W (0)) = 1.
Given any ω ∈W(V ′, σ)′, let us denote by (Hω, πω,Ωω) the corresponding GNS
representation of W(V ′, σ). Let us recall that Hω is a Hilbert space,
πω :W(V
′, σ)→ B(Hω)
a *-homomorphism, and Ωω ∈ Hω the canonical cyclic vector of the representation.
If ω is regular, it is possible to define – by Stone’s theorem – the self-adjoint
generator of the unitary group πω
(
W (Rξ)
)
for any ξ ∈ V ′. Let us denote such
generator by
(6) ϕω(ξ) =
dπω
(
W (tξ)
)
dt
∣∣∣
t=0
.
For any finite dimensional symplectic subspace2 Φ◦ ⊂ V ′, the operators ϕω(Φ◦)
share a common dense set of analytic vectors [10, Lemma 5.2.12]. In order to
introduce the well-known creation and annihilation operators a∗ω(Φ
◦) and aω(Φ
◦),
it is useful to see the symplectic Φ◦ as a complex finite dimensional inner product
space. Let us denote by Jσ : Φ
◦ → Φ◦, J2σ = −1, a linear complex structure on Φ◦
1We define the Fourier transform of a distribution both as an isometry on L2 and an algebra
homomorphism on L1, i.e. fˆ(ξ) =
∫
e−2piiξ·xf(x)dx. On the contrary we define, following
common practice, the Fourier transform of a measure by µˆ(ξ) =
∫
eiξ(x)dµ(x).
2If V is locally convex, F ⊂ V ′ is a subspace of finite dimension iff there exists Φ ∈ F (V ) such
that F = Φ◦. Therefore we adopt directly the notation Φ◦ for finite dimensional subspaces of
V ′.
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such that
(7) σ(Jσ · , Jσ · ) = σ( · , · ) .
Then Φ◦ (of real dimension 2n, n ∈ N) can be seen as a complex vector space (of
complex dimension n) defining
(a+ ib)ξ = aξ + bJσξ ;
and it is an inner product space by means of the Hermitian form
σ( · , Jσ · ) + iσ( · , · ) .
The space Φ◦ is the polar of some Φ ∈ F (V ), and therefore
V/Φ
ıσ∼= (V/Φ)′
tpΦ∼= Φ◦ .
The isomorphism ıσ is chosen in a way such that for any ξ ∈ Φ◦, and w ∈ V/Φ,
σ
(
ξ, Jσ
tpΦ ◦ ıσ(w)
)
= tp−1Φ (ξ)(w) .
The creation and annihilation operators are then defined for any ξ ∈ Φ◦ by
(8)
a∗ω(ξ) =
1
2
(
ϕω(ξ)− iϕω(iξ)
)
,
aω(ξ) =
1
2
(
ϕω(ξ) + iϕω(iξ)
)
.
They are closed, and adjoint of each other when defined on D
(
ϕω(ξ)
)∩D(ϕω(iξ)).
The self-adjoint number operator is a combination of the creation and annihilation
operators along a (complex) orthonormal basis of Φ◦. Let {ζj}nj=1 be an o.n.b. of
Φ◦, then the number operator associated to Φ ∈ F (V ) is defined by
(9) Nω,Φ =
n∑
j=1
a∗ω(ζj)aω(ζj) .
Finally, let us define the scale of Hilbert spaces (Hδω,Φ)δ∈R associated to the number
operator. For any δ ∈ R+, Hδω,Φ = D(N δω,Φ) endowed with the norm
‖〈Nω,Φ〉δ · ‖Hω ;
H−δω,Φ is the completion of Hω with respect to the norm
‖〈Nω,Φ〉−δ · ‖Hω .
Here 〈 · 〉 stands for (| · |2 + 1) 12 . The scale of spaces (Hδω,Φ)δ∈R satisfies
∀δ ≤ δ′ , Hδω,Φ ⊆ Hδ
′
ω,Φ .
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Let us denote by Sω,Φ the nuclear space
(10) Sω,Φ =
⋂
δ∈N
Hδω,Φ ,
and by S ′ω,Φ its continuous dual
(11) S ′ω,Φ =
⋃
δ∈N
H−δω,Φ .
The definitions above are natural to study the pseudodifferential calculus for
cylindrical symbols on V (with base Φ ∈ F (V ) of codimension 2n), for it reduces
to the standard finite-dimensional pseudodifferential calculus. In fact, the Weyl
operators πω
(
W (Φ◦)
)
, and the creation and annihilation operators a#ω (Φ
◦) are
equivalent to their counterparts on the Schro¨dinger or Bargmann-Fock representa-
tion of the finite dimensional Weyl C*-algebraW(Φ◦, σ); while Sω,Φ plays the role
of the Schwartz space S (Rn), and S ′ω,Φ of the tempered distributions S
′(Rn).
We assume that the reader is familiar with the techniques and results of pseudo-
differential calculus and semiclassical analysis in finite dimensions [13, 16, 17, 24,
are just a few of the monographs on the subject]. As a reference, in the remaining
of this section we formulate, in the cylindrical setting, the results that we will use
the most.
Definition 2.3 (Weyl quantization of a cylindrical symbol). Let f be a cylindri-
cal symbol on V with base Φ ∈ F (V ), such that fˆΦ ∈ L1(Φ◦). Then the Weyl
quantization Oph1
2
(f) ∈W(V ′, σ) of f is defined by the Bochner integral
Oph1
2
(f) =
∫
Φ◦
fˆΦ(ξ)Wh(2πξ) dLΦ◦(ξ) .
On any regular representation (Hω , πω,Ωω) of W(V
′, σ), and for any fΦ ∈
S ′(V/Φ), the Weyl quantization πω
(
Oph1
2
(f)
)
is a continuous map from Sω,Φ to
S ′ω,Φ defined by
∀ψ, ϕ ∈ Sω,Φ ,
〈
ψ, πω
(
Oph1
2
(f)
)
ϕ
〉
Hω
=
(
fˆΦ ,
〈
ψ, πω(Wh(2π · ))ϕ
〉
Hω
)
S ′×S
.
In Definition 2.3, we stressed the dependence on the semiclassical parameter h
of the Weyl quantizations (through the Weyl operators Wh(2πξ)). The semiclas-
sical behavior of regular quantum states is obtained studying the corresponding
generating functional. The generating functional of a state ω is defined for any
ξ ∈ V ′ as
Gω(ξ) = ω
(
W (ξ)
)
.
The generating functional defines uniquely regular states, i.e. there is a bijection
between regular states and functions G : V ′ → C that are continuous when re-
stricted to any finite dimensional subspace of V , and that are “almost” of positive
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type: ∑
i,j∈F
G(ξi − ξj)eihσ(ξi,ξj)λ¯jλi ≥ 0 ,
for any finite index set F , complex numbers {λi}i∈F , and {ξi}i∈F ⊂ V ′ [22]. On
the other hand, there is a bijection (the Fourier transform) between cylindrical
measures on V and functions Γ : V ′ → C that are continuous when restricted to
any finite dimensional subspace of V , and of positive type:
∑
i,j∈F
Γ(ξi − ξj)λ¯jλi ≥ 0 .
Therefore the topology of simple convergence on CV
′
induces a topology T on the
disjoint union of the sets of regular quantum states onWh(V
′, σ), h > 0, together
with the cylindrical measures on V [see 12]. The Wigner or semiclassical measures
associated to a generalized sequence (ωhβ )β∈B of regular states with no loss of
mass are its T-cluster points as hβ → 0 (more precisely, they are the P∨T-cluster
points, where P is the topology induced by the ultraweak convergence of the finite
dimensional measures, and P ∨ T is the upper bound topology). The “no loss
of mass condition” is automatically satisfied if we assume either Hypothesis 3.2
or 3.6.
Proposition 2.4 ([12]). Let (ωhγ )γ∈C, hγ → 0, be a uniformly bounded net of reg-
ular states on
(
Whγ (V
′, σ)
)
β∈B
with no loss of mass.Then the set W (ωhγ , γ ∈ C)
of its T-cluster points is not empty, and each cluster point is a cylindrical measure
on V , called a Wigner measure. Conversely, for any cylindrical measure M on V
there is at least one net (ω
(M)
hγ
)γ∈C of regular quantum states on
(
Whγ (V
′, σ)
)
γ∈C
that T-converges to it.
For any Φ ∈ F (V ), we can define the topologies PΦ and TΦ on the restrictions
to W(Φ◦, σ) of regular quantum states on W(V ′, σ), together with the Radon
measures on V/Φ. We then have the following characterization of semiclassical
measures.
Lemma 2.5.
ωhn
∣∣
Whn (Φ
◦,σ)
hn→0−→ PΦ µΦ
iff for any cylindrical symbol on V with fΦ ∈ C∞0 (V/Φ)
lim
n→∞
ωhn
(
Ophn1
2
(f)
)
=
∫
V/Φ
fΦ(w)dµΦ(w) .
If in addition there is no loss of mass, then
ωhn
∣∣
Whn (Φ
◦,σ)
hn→0−→ PΦ∨TΦ µΦ
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On any regular representation (Hω, πω ,Ωω), it is possible to extend the only if
part of Lemma 2.5 to polynomially bounded symbols. Let us denote by Sp+(H),
1 ≤ p ≤ ∞, the cone of positive continuous operators on the Hilbert space H
that belong to the Schatten ideal of order p; and by SΦ(〈w〉sΦ, gΦ), s ∈ R, the
Ho¨rmander class of symbols on V/Φ, with the metric gΦ to be either |dw|2Φ or
|dw|2Φ
〈w〉2
Φ
.
Proposition 2.6. Let Φ◦ ⊂ V ′ be a symplectic subspace. In addition, let (ωhγ )γ∈C
be a net of regular states on
(
Whγ (V
′, σ)
)
γ∈C
, and ̺hγ ∈ S1+(Hω) for any γ ∈ C,
such that for some δ ∈ R+
Tr
(〈Nω,Φ〉δ̺hγ)Hω ≤ Cδ <∞ .
Then
̺hγ →T µ = (µΨ)Ψ∈F (V )
implies that for any cylindrical f on V with base Φ and fΦ ∈ SΦ(〈w〉δ, gΦ),
lim
γ∈C
Tr
(
πω
(
Op
hγ
1
2
(f)
)
̺hγ
)
=
∫
V/Φ
fΦ(w)dµΦ(w) .
3. Concentration of Wigner measures
As explained in Section 2, to any bounded sequence (ωhγ )γ∈C , hγ → 0, of
regular states on
(
Whγ (V
′, σ)
)
γ∈C
there corresponds a nonempty set of cylindrical
measures on V , called Wigner measures. In applications, it is desirable to have
sufficient conditions on (ωhγ )γ∈C such that each corresponding Wigner measure
is concentrated as a true Radon measure on some given topological vector space
W (that may or may not differ from V ). The main purpose of this note is to
provide such sufficient conditions, exploiting cylindrical semiclassical analysis. Any
cylindrical measureM = (µΦ)Φ∈F (V ) on a locally convex space V is a Borel Radon
measure on the space
V =
∏
Φ∈F (V )
V/Φ ,
product of Cˇech compactifications of the finite dimensional quotients, endowed
with the product topology. The cylindrical measure M ∈ Mrad(V ) concentrates
as the Borel Radon measure µ ∈ Mrad(X) on the real topological vector space X
iff there exists an injection ϕ : X → V ,
M
(
V r ϕX
)
= 0 ,
and M(b) = µ(ϕ−1b) for any Borel set b ∈ B(V ) ∩ ϕX . If X is a complex
topological vector space, the injection is ϕ : FX → V , where F is the forgetful
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functor from the category of complex vector spaces to the category of real vector
spaces. The rest of the definition is modified accordingly.
3.1. Separable Hilbert spaces. Let X be a complex vector space, and
t : X ×X → C
a sesquilinear form on X . Let
q(x) = t(x, x)
be the corresponding quadratic form. Then t factors through X/ ker q, i.e. there
is a sesquilinear form tq : (X/ ker q)× (X/ ker q)→ C such that
tq([x]q , [y]q) = t(x, y) .
With an abuse of notation, let us still denote tq by t. The completion Xq of
X/ ker q with respect to the norm
√
q is a complex Hilbert space with inner product
t. Throughout this section, we suppose that Xq is separable. The results of this
section can be easily adapted to real vector spaces.
Let us denote by F the forgetful functor from the category of complex vector
spaces to the category of real vector spaces. Therefore FXq is a real Hilbert space
with inner product Re t, and a symplectic space with symplectic form Im t. In
addition, if {x1, . . . , xn, . . . } is a complex orthonormal basis of the space Xq, then
{Fx1,F(ix1), . . . ,Fxn,F(ixn), . . . } is a real orthonormal basis of the space FXq.
We make the following assumption of compatibility between the inner product
of X and the symplectic form σ of V ′, dual to a locally convex space V as in
Section 2.
Hypothesis 3.1. FX ⊆ V ′. In addition:
• The complex structure J : FX → FX, defined by JFx = F(ix), is such
that
σ(J · , J · ) = σ( · , · ) .
• There exists a linear map m : X → X such that for any x, y ∈ X,
t(x, y) = σ
(
Fm(x),Fm(iy)
)
+ iσ
(
Fm(x),Fm(y)
)
.
Now let
{[en]q, n ∈ N} ⊂ X/ ker q
be an orthonormal basis of Xq. In addition, let{
εn = Fm(en);n ∈ N
} ⊂ V ′ .
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Let us consider any finite-dimensional subspace of X of the form
ER = spanC{e0, e1, . . . , eR} , R ∈ N .
The complex Hilbert space ER is isomorphic to pRXq, where
pR =
R∑
j=1
p([ej ]q)
is the sum of rank one orthogonal projections. We define the symplectic subspace
Φ◦ER ⊂ V ′ as
Φ◦ER = spanR{ε0, Jε0, . . . , εR, JεR} .
As in Section 2, we remark that Φ◦ER can be seen as a complex inner product space
with inner product
b( · , · ) = σ( · , J · ) + iσ( · , · ) .
By construction,
(Φ◦ER , b)
it∼= (ER, t) ,
as complex Hilbert spaces. Now let (Hω, πω ,Ωω) be the GNS representation of
W(V ′, σ) corresponding to a regular state ω. We define the m-creation and anni-
hilation operators as follows. For any x ∈ X ,
(12)
a∗ω(x) =
1
2
(
ϕω
(
Fm(x)
)− iϕω(Fm(ix))) ,
aω(x) =
1
2
(
ϕω
(
Fm(x)
)
+ iϕω
(
Fm(ix)
))
.
The correspondingm-number operator on Φ◦ER is the generalization of the number
operator to m-creation and annihilation:
(13) Nω,R =
R∑
j=1
a∗ω(m(ej))aω(m(ej)) .
For any δ > 0, the sequence (Nδω,R)R∈N is a monotonically increasing sequence
of positive self adjoint operators. If we denote by (nδω,R)R∈N the sequence of
corresponding quadratic forms, then
nδω,∞ = sup
R∈N
nδω,R
is a closed positive quadratic form on Hω (not necessarily densely defined), with
domain of definition
D
(
nδω,∞
)
=
{
ψ ∈
⋂
R∈N
D
(
nδω,R
)
, sup
R∈N
nδω,R(ψ) <∞
}
.
Now let (ψhγ )γ∈C , hγ → 0, be a net of vectors in Hωhγ for any γ ∈ C, and denote
by W (ψhγ , γ ∈ C) the set of Wigner cylindrical measures on V associated to it
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– any vector in Hω has an associated rank-one orthogonal projection that is a
regular state on W(V ′, σ). The aim is to prove that the following condition is
sufficient to prove that any M ∈ W (ψhγ , γ ∈ C) concentrates as a (finite) Borel
Radon measure µ on the Hilbert space Xq.
Hypothesis 3.2. Let (ψhγ )γ∈C be a net of vectors on regular GNS representations
of Whγ (V
′, σ), with
sup
γ∈C
‖ψhγ‖Hωhγ <∞ .
There exists δ > 0 such that ψhγ ∈ D
(
nδωhγ ,∞
)
for any γ ∈ C, and there exists
K > 0 such that uniformly in γ ∈ C,
nδω,∞(ψhγ ) ≤ K .
First of all, any M ∈ W (ψhγ , γ ∈ C) is a cylindrical measure on V . Therefore
M = (µΦ)Φ∈F (V ). Now let us consider (µΦR)R∈N ⊂ (µΦ)Φ∈F (V ), where ΦR = Φ◦◦ER
is the polar of Φ◦ER . ΦR belongs to F (V ), and satisfies
Φ◦R = Φ
◦◦◦
ER = Φ
◦
ER ,
via the bipolar theorem [9]. Therefore by means of the isomorphisms (see Section 2)
V/ΦR
ıσ∼= (V/ΦR)′
tpΦR∼= Φ◦R
it∼= ER ,
it is possible to identify each V/ΦR with ER, i.e. with a complex finite dimensional
Hilbert subspace of Xq. Using the aforementioned identification, it follows that
∀R ∈ N, V/ΦR ⊂ V/ΦR+1 ;
⋃
R∈N
V/ΦR = Xq .
Finally, for any j ∈ N the orthogonal projections
pR+j,R : ER+j → ER
coincide with the projections
pΦR+j ,ΦR : V/ΦR+j → V/ΦR
relative to the projective family M = (µΦ)Φ∈F (V ). Therefore (µΦR)R∈N is a pro-
jective subfamily of M . As proved in [23], M is concentrated as a Borel Radon
measure µ on Xq iff
(14) ∀R ∈ N, lim
r→∞
µΦR
({f ∈ V/ΦR , q(f) ≥ r}) = 0 ,
where q is the Euclidean norm on V/ΦR (seen as a complex space), that coincides
with the Hilbert norm of Xq. In fact, if we denote by
µER = it ∗
tpΦR ∗ ıσ ∗ µΦR
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the pushforward image of µΦR , (14) is equivalent to
(15) lim
r→∞
µER
({f ∈ EM , q(f) ≥ r}) = 0 .
Suppose now that we have proved that M concentrates as a Radon measure µ on
Xq. In addition, let the following condition be satisfied:
(16) ∃δ > 0 , ∃K > 0 ,
∫
Xq
q(f)δdµ(f) ≤ K .
Equation (16) implies that µˆ : Xq → C is continuous. Let 0 < δ ≤ 1, and let
g1, g2 ∈ Xq. Then for some Kδ > 0
∣∣µˆ(g1)− µˆ(g2)∣∣ ≤
∫
Xq
∣∣eiRe t(g1−g2,f) − 1∣∣dµ(f) ≤ Kδ
∫
Xq
∣∣t(g1 − g2, f)∣∣δdµ(f)
≤ Kδq(g1 − g2)δ
∫
Xq
q(f)δdµ(f) ≤ KδK q(g1 − g2)δ .
If δ > 1, then∫
Xq
q(f)dµ(f) =
∫
Xq
1{q(·)≤1}(f)q(f)dµ(f) +
∫
Xq
1{q(·)>1}(f)q(f)dµ(f)
≤ µ(Xq) +K ,
and therefore the result above for δ = 1 applies with constant µ(Xq) +K.
Theorem 3.3. Let V be a locally convex space with dual (V ′, σ) endowed with a
symplectic form. In addition, let X be a complex vector space with a sesquilinear
form t such that the compatibility condition 3.1 with σ holds.
For a cylindrical measure M ∈ W (ψhγ , γ ∈ C) to be concentrated as a Borel
Radon measure µ on the separable Hilbert space Xq, it is sufficient that Hypothesis
3.2 is satisfied. The Fourier transform µˆ is furthermore continuous on Xq; and if
δ˜ > 0 and K˜ > 0 are the values for which 3.2 holds, then∫
Xq
q(f)δ˜dµ(f) ≤ K˜ .
Proof. Hypothesis 3.2 is sufficient to have no loss of mass (and hence convergence
of the generating functional) when the state is restricted to each Φ◦R. We have
to prove that Hypothesis 3.2 also implies both (14) and (16). First of all, let us
prove (14). As discussed in Section 1.1, the m-creation and annihilation operators
establish a correspondence with the standard pseudodifferential calculus associated
to the Heisenberg group H(Φ◦ER , σ), and that is assured by the compatibility
condition 3.1. Then (14) is proved using the argument introduced in [3, Theorem
6.2]. Let (ψhγ )γ∈C be a net of vectors in regular GNS representations, and let
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Φ◦ER be defined as above for some R ∈ N. Then Hypothesis 3.2 yields that
(17) 〈ψhγ ,Nδ˜ωhγ ,R ψhγ 〉Hωhγ ≤ K˜
uniformly in γ for some δ˜ > 0. By means of the link between Wick and Weyl
quantization, it is well-known that
1 + hR2 +Nωh,R = Op
h
1
2
(
1 + q(·)) ,
where q : V/ΦR → R+ is the euclidean squared norm of the finite dimensional
(complex) Hilbert space V/ΦR ∼= ER, andOph1
2
is the Weyl quantization procedure
defined in Section 2, but with each Wh(Fx), x ∈ X , replaced by Wh(Fm(x)). The
operator
Oph1
2
(
1 + q(·))
is fully elliptic [see e.g. 15]. Therefore for any s ∈ R,
(18)
(
1 + hR2 +Nωh,R
)s
= Oph1
2
(
(1 + q(·))s +O(h)) ,
where the function h−1O(h) is uniformly bounded in the Ho¨rmander class
SR
(
〈w〉s−2ΦR ,
|dw|2ΦR
〈w〉2
ΦR
)
.
For any hγ ≤ R−1, (17) implies there exists K˜δ˜ > 0 such that〈
ψhγ ,
(
1 +
hγR
2 +Nωhγ ,R
)δ˜
ψhγ
〉
Hωhγ
≤ K˜δ˜ .
Now let r ≥ 1, and CR ⊆ C such that for any γ ∈ CR, hγ ≤ R−1. Using standard
pseudodifferential techniques in V/ΦR [see 3], it is possible to prove that for any
γ ∈ CR and δ > 0, there exists a K > 0 such that the following operator inequality
holds on Hωhγ :
Op
hγ
1
2
(
χ(r−
1
2 · )) ≤ (1 + r)−δ(1 + 2Khγ) Ophγ1
2
(
(1 + q(·))−δ/2)−2 .
Here χ(·) ∈ C∞(V/ΦR) is non-negative and such that χ = 0 in a neighbourhood
of {f ∈ V/ΦR ,
√
q(f) ≤ 1}. In addition, (18) yields there exists K ′ > 0 such that∥∥∥Ophγ1
2
(
(1 + q(·))−δ/2)−2(1 + hγR2 +Nωhγ ,R)δ
∥∥∥
B(Hωhγ
)
≤ K ′hγ + 1 .
Therefore for any γ ∈ CM and r ≥ 1, there exists K˜δ˜ > 0 such that〈
ψhγ ,Op
hγ
1
2
(
χ(r−
1
2 · ))ψhγ〉Hωhγ ≤ K˜δ˜(1 + r)−δ˜ .
Now let M ∈ W (ψhγ , γ ∈ C), and (ψhγ )γ∈C the subnet of (ψhγ )γ∈CM whose
restrictions to
(
Whγ (Φ
◦
R, σ)
)
γ∈CM
, R ∈ N, converge to µΦR with respect to the
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TΦR topology. Then by Proposition 2.6,
lim
γ∈C
〈
ψhγ ,Op
hγ
1
2
(
χ(r−
1
2 · ))ψhγ〉Hωhγ=
∫
V/ΦR
χ(r−
1
2 f)dµΦR(f) .
Hence it follows that
µΦR
({f ∈ V/ΦR , q(f) ≥ r}) ≤
∫
V/ΦR
χ(r−
1
2 f)dµΦR(f)
= lim
γ∈C
〈
ψhγ ,Op
hγ
1
2
(
χ(r−
1
2 · ))ψhγ〉Hωhγ ≤ K˜δ˜(1 + r)−δ˜ .
It remains to prove (16) for δ˜ and K˜. Let 10 ∈ C∞0 (V/ΦR) be a smooth indicator
function of a neighbourhood of 0. The following inequality, for any δ > 0 and
r ≥ 1, and some KR > 0, is again a consequence of standard pseudodifferential
techniques:
(Nωh,R)
δ ≥ Oph1
2
(
q(·)δ10(r−1 · )
)−KRh (Nωh,R)δ
Reasoning as above, and using the fact that by (14) M concentrates as a Radon
measure µ on Xq, we obtain ∫
ER
q(f)δ˜dµ(f) ≤ K˜ .
Now since the bound is uniform with respect to R ∈ N, we can take the limit
R→∞ using dominated convergence. ⊣
3.2. Duals of nuclear spaces. Now, let us suppose that V ′ ⊃ N , where N is a
nuclear barrelled space. Then concentration of Wigner measures on N ′, endowed
with any topology R between σ(N ′,N ) and the Mackey topology τ(N ′,N ),
admits an easy characterization.
It is well-known that a cylindrical measureM on V is concentrated as a Radon
measure µ on N ′R iff (µΦ)Φ∈F (N ′R) can be identified with a projective subfamily of
M and the restriction of Mˆ to N is continuous [see e.g. 8]. Continuity properties
of the Fourier transform of M are inherited by continuity properties of the family
of generating functionals of regular states ωhγ , γ ∈ C. In particular, equicontinuity
of
(19) GB =
{
Gωhγ
∣∣
N
, γ ∈ C}
is sufficient to guarantee the continuity of its cluster points (in the topology of
simple convergence), as hγ → 0. This is in turn sufficient to prove that any
M ∈ W (ωhγ , γ ∈ C) is concentrated as a Radon measure on N ′R.
Theorem 3.4. Let (ωhγ )γ∈C be a net of regular states on Whγ (V
′, σ) such that
sup
γ∈C
ωhγ
(
Whγ (0)
)
<∞ .
CONCENTRATION OF CYLINDRICAL WIGNER MEASURES 17
If there exists a nuclear barrelled space N such that N ⊆ V ′, and (V/Φ)Φ∈F (N ′
R
)
is identified with a projective subfamily of (V/Φ)Φ∈F (V ), then equicontinuity of the
family GB defined in (19) implies that any M ∈ W (ωhγ , γ ∈ C) is concentrated
as a Borel Radon measure µ on N ′R.
The formulation of Theorem 3.4 seems quite natural, however it may be difficult
to apply it in concrete situations, for the equicontinuity of GB may be hard to
prove without a detailed knowledge of the generating functional.
3.3. Duals of Banach spaces. In this section we consider concentration in dual
spaces X ′, where X is a Banach space. There is no loss of generality in considering
X to be real, and all the results extend to complex Banach spaces. It should also
be possible to formulate a similar result for duals of locally convex spaces, using
the Bourbaki-Alaoglu variant of the Banach-Alaoglu’s Theorem.
The idea is to adapt the procedure used in Section 3.1 to prove tightness in X ′ of
a suitable projective subfamily of M ∈ W (ψhγ , γ ∈ C). However, we will only be
able to prove the concentration of M as a Borel Radon measure µ on X ′ endowed
with the ultraweak dual topology. To avoid confusion, let us denote by X ′w the
space X ′ endowed with the σ(X ′,X ) topology. Let us recall that (X ′w)′ = X .
Lemma 3.5 (Tightness). A cylindrical measure (µΨ)Ψ∈F (B′w) is concentrated as
a Borel Radon measure µ on X ′w if for any ε > 0, there exists a δ > 0 such that
for any Ψ ∈ F (X ′w) of codimension 2n, n ∈ N,
(20) µΨ
(X ′w/Ψr pΨ({x ∈ X ′, ‖x‖2X ′ ≤ δ})) < ε .
Proof. By Banach-Alaoglu’s theorem the ball {x ∈ X ′, ‖x‖2X ′ ≤ δ} is compact
in X ′w. In addition, the projective family of measures indexed by spaces of even
codimension is a projective subfamily of (µΨ)Ψ∈F (X ′w) with cofinal index set. By
a theorem of Prokhorov [21, Theorem I.21], (20) is then sufficient to prove that µ
is concentrated as a Radon measure on X ′w. ⊣
The sufficient condition on quantum states is similar to the one given for sepa-
rable Hilbert spaces.
Hypothesis 3.6. Let (ψhγ )γ∈C be a net of vectors on regular GNS representations
of Whγ (X , σ), with
sup
γ∈C
‖ψhβ‖Hωhγ <∞ .
There exists δ > 0 and K > 0 such that uniformly in γ ∈ C,
sup
Ψ∈F (X ′w)
dimX′w/Ψ=2n
〈ψhγ , N δωhγ ,Ψ ψhγ 〉 ≤ K .
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The strategy is the same as the one used to prove (14) in Theorem 3.3. Let
K = {x ∈ X , ‖x‖2X ≤ 1}. The key point is to identify, for any Ψ with even
codimension, K ∩Ψ◦ with pΨ(K◦)◦. It is well-known that
K◦ = {ξ ∈ X ′, ‖ξ‖2X ′ ≤ 1} .
In addition, K ∩ Ψ◦ is a closed bounded absorbing absolutely convex neighbour-
hood of zero, and therefore a closed ball centered in zero (in the locally compact
topology of the finite dimensional real vector space Ψ◦). It is possible to make
the identification X ′w/Ψ
∼= (X ′w/Ψ)′ in a way such that for any ξ ∈ (X ′w/Ψ)′ and
[x] ∈ X ′w/Ψ
(21) −1(ξ) · [x] = ξ([x]) = ξ · ([x]) .
Lemma 3.7. Let (X ′w/Ψ)′
tpΨ∼= Ψ◦ be the homeomorphism that yields, for any
x ∈ X ′w and ξ ∈ (X ′w/Ψ)′,
(22) ξ([x]) = tpΨ(ξ)(x) .
Then
K ∩Ψ◦ = tpΨ
(
pΨ(K
◦)◦
)
.
Proof. By definition,
pΨ(K
◦)◦ =
{
ξ ∈ (X ′w/Ψ)′ , ∀x ∈ K◦ |ξ([x])| ≤ 1
}
.
Applying the isomorphism, it follows by (22) that
tpΨ
(
pΨ(K
◦)◦
)
=
{
tpΨ(ξ) ∈ tpΨ
(
(X ′w/Ψ)′
)
, ∀x ∈ K | tpΨ(ξ)(x)| ≤ 1
}
=
{
ζ ∈ Ψ◦ , ∀x ∈ K◦ |ζ(x)| ≤ 1
}
= K◦◦ ∩Ψ◦ = K ∩Ψ◦ .
In the last equality we have used the bipolar theorem for locally convex spaces in
duality [see e.g. 9, II.49 Corollaire 3]. ⊣
From Lemma 3.7 it follows that −1
(
tp−1Ψ (K ∩Ψ◦)
)
is a closed ball centered in
zero of X ′w/Ψ. Hence the tightness property (20) of Lemma 3.5 is satisfied iff
(23) lim
r→∞
µΨ◦
({ζ ∈ Ψ◦ , |ζ|2 ≥ r}) = lim
r→∞
µΨ
({z ∈ X ′w/Ψ , |z|2 ≥ r}) = 0 ,
where | · | denotes the norm on finite dimensional vector spaces, and the measure
µΨ◦ =
tpΨ ∗  ∗ µΨ is the pushforward of µΨ. Equation (23) is analogous to the
equivalence among (15) and (14), and therefore it is true for an M ∈ W (ψhγ , γ ∈
C), provided there exist δ > 0 and C > 0 such that
(24) 〈ψhγ , N δωhγ ,Ψ ψhγ 〉 ≤ K ,
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as explained in the proof of Theorem 3.3. Obviously (24) is implied, for any
Ψ ∈ F (X ′w) of even codimension, by Hypothesis 3.6. Therefore we have proved
the following result.
Theorem 3.8. Let X be a Banach space. For a cylindrical measure
M ∈ W (ψhγ , γ ∈ C)
to be concentrated as a Borel Radon measure µ on X ′w, it is sufficient that 3.6 is
satisfied.
Remark 3.9. We are not aware of explicit examples of vectors (ψhγ )γ∈C that
satisfy 3.6 when X is not a (separable) Hilbert space. On the contrary, there
are many explicit examples of V , X , t(·, ·), and (ψhγ )γ∈C such that Theorem 3.3
holds. It would be interesting to find explicit examples where Theorem 3.8 can be
applied and X is e.g. a separable reflexive Banach space.
Remark 3.10. If X = L pp−1 (Rd), 1 < p < ∞, then ‖ · ‖p is a Borel measurable
function in X ′w = Lpw, where Lpw is Lp with the σ(Lp, L
p
p−1 ) topology.
3.4. Applications of Theorem 3.3. In this section, let us discuss some other
concrete situations in which the concentration of Wigner measures on “interesting”
spaces plays an important role.
3.4.1. Massless fields and homogeneous Sobolev spaces, revisited.
• X = S (Rd)
• t(f, g) = ∫
Rd
|k|2sf¯(k)g(k)dk, s < d2
• V = FL2(Rd), σ( · , · ) = Im〈 · , · 〉2
• m(f(k)) = |k|sf(k)
• (ψh)h∈(0,1) ⊂ Γs
(
L2(Rd)
)
h
(Fock representation)
• ∃δ > 0, ∃K > 0, 〈ψh, dΓh(|k|2s)δψh〉Γs ≤ K
These definitions provide the link between the motivating problem of Section 1.1,
and Theorem 3.3. In fact, from the definitions it follows that
Xq = L
2(Rd, |k|2sdk) = F H˙s(Rd) ;
and
nδh,∞(·) = 〈 · , dΓh(|k|2s)δ · 〉Γs ,
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where dΓh(|k|2s) is the second quantization of the multiplication operator |k|2s on
L2(Rd). Therefore by Theorem 3.3,
M ∈ W (ψh, h ∈ (0, 1)) ⇒ M is concentrated as µ ∈ Mrad(F H˙s(Rd)) ;∫
FH˙s
‖f‖δ
FH˙s
dµ(f) ≤ K .
The above result, with s = 12 and d ≥ 2, can be used to solve the question of
convergence of the ground state energy in both the classical and quasi-classical
limit, for massless Nelson-type models; these questions were left open respectively
in [1] and [11].
If in addition, (ψh)h∈(0,1) satisfies also
〈ψh, dΓh(1)δ˜ψh〉Γs ≤ K˜ ,
then any M ∈ W (ψh, h ∈ (0, 1)) is concentrated as a Radon measure µ that is a
Borel measure on both L2(Rd) and F H˙s(Rd). Furthermore, the measure of the
symmetric difference is zero:
µ
(
L2(Rd)⊖F H˙s(Rd)) = 0 .
Finally, let us remark that – for time-evolved states in massless dynamical
quantum theories (such as the Pauli-Fierz model) – the condition
〈ψh(t), dΓh(|k|)ψh(t)〉Γs ≤ K(t)
is much easier to prove, provided it holds at time zero, than
〈ψh(t), dΓh(1)ψh(t)〉Γs ≤ K˜(t) .
3.4.2. Non-homogeneous Sobolev spaces with negative index.
• X = L2(Rd)
• t(f, g) = ∫
Rd
(1−∆)2r f¯(x)g(x)dx, r < 0
• V = FL2(Rd), σ( · , · ) = Im〈 · , · 〉2
• m(f(x)) = (1−∆)rf(x)
• (ψh)h∈(0,1) ⊂ Γs
(
L2(Rd)
)
h
• ∃δ > 0, ∃K > 0, 〈ψh, dΓh
(
(1−∆)2r)δψh〉Γs ≤ K
In this case, Xq = H
r(Rd) ⊃ L2(Rd), the non-homogeneous Sobolev space. In
studying the thermodynamic properties of bosonic quantum fields, and their classi-
cal counterparts, one has to deal with quantum states whose corresponding Wigner
CONCENTRATION OF CYLINDRICAL WIGNER MEASURES 21
measures are concentrated outside of the classical phase space. The Gibbs states
provide a very interesting example [14, 19].
By means of Theorem 3.3, we know that
M ∈ W (ψh, h ∈ (0, 1)) ⇒ M is concentrated as µ ∈ Mrad(Hr(Rd)) ;∫
Hr
‖f‖δHrdµ(f) ≤ K .
Let us provide an explicit example of a sequence of vectors in the Fock space whose
corresponding Wigner measure is concentrated on Hr r L2. Let Ω ∈ Γs
(
L2(Rd)
)
be the Fock vacuum vector; and consider a family (ψh)h∈(0,1) of squeezed coherent
vectors of the form
ψh = e
1
h (a
∗(fh)−a(fh)) Ω ,
fh ∈ L2(Rd). Then the associated generating functional takes the form
Gψh(·) = eiRe〈 · ,fh〉2e−
h
2
‖fh‖
2
2 ,
and it satisfies
〈ψh, dΓh
(
(1−∆)2r)ψh〉Γs = ‖fh‖2Hr , 〈ψh, dΓh(1)ψh〉Γs = ‖fh‖22 .
If the sequence (fh)h∈(0,1) satisfies:
fh →Hr f ∈ Hr r L2 , sup
h∈(0,1)
‖fh‖Hr = K <∞ ,
then any M ∈ W (ψh, h ∈ (0, 1)) is concentrated as a measure µ on Hr, but we
may have µ(L2) = 0. In fact, if
‖fh‖22 = O(hε−1) , 0 < ε < 1 ;
then W
(
ψh, h ∈ (0, 1)
)
= {Mψ}, where Mψ concentrates as the atomic measure
δf on f ∈ Hr r L2: for any ϕ ∈ H |r|
lim
h→0
Gψh(ϕ) = e
iRe
∫
Rd
ϕ¯(x)f(x)dx =
∫
Hr
eiRe
∫
Rd
ϕ¯(x)g(x)dxd δf (g) .
3.4.3. Free quantum evolution and pushforward measure. Recover the setting of
Section 3.4.1. Let us now discuss how a (free) dynamical group acting on quan-
tum states transforms the corresponding Wigner measures accordingly, follow-
ing the classical dynamics. Let ω(k) be any self-adjoint multiplication opera-
tor on L2(Rd, dk), and (eitω(k))t∈R the associated strongly continuous unitary
group. Then (eitω(k))t∈R extends to a strongly continuous unitary group on
L2(Rd, |k|2sdk). The associated second quantized unitary operator Γh(eitω) =
eitdΓh(ω) commutes with dΓh(|k|2s), and therefore 〈ψh, dΓh(|k|2s)δψh〉Γs ≤ K iff
∀t ∈ R , 〈ψh, e−itdΓh(ω)dΓh(|k|2s)δe−itdΓh(ω)ψh〉Γs ≤ K .
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It follows that any Mt ∈ W
(
eitdΓh(ω)ψh, h ∈ (0, 1)
)
is concentrated as a Radon
measure µt on F H˙
s(Rd), for any t ∈ R. As showed in [12, Proposition 6.1],
Mt = e
itω
∗M0, the pushforward image by e
itω ∈ B(L2) of the cylindrical measure
M0. Now since e
itω ∈ B(F H˙s) as well, it follows that
µt = e
itω
∗ µ0 .
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